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RAY METHOD OF SOLUTION OF THE ABLATION PROBLEM

A. G. Shatalov UDC 536.2.01

Consideration is given to a three-dimensional problem of heating of a half-space by the Gaussian energy flux
with allowance made for the heat-flux inertia. It is assumed that the ablation front is formed at the points at
which the temperature is equal to the melting temperature and the Stefan condition is satisfied. The mecha-
nism of removal of mass is not considered. Using the ray method and taking into account three expansion
terms, an ablation-surface equation and temperature have been obtained. Account for the inertia of the heat
flux leads to the fact that the ablation-front velocity at the initial instant of time is finite. The condition for
the onset of ablation of the material at the initial instant of time has been obtained. The solutions for the
fronts of ablation and temperature are illustrated by the graphs.

The methods of solution of one-dimensional problems of ablation have been considered in [1]. The ablation
of material which takes into account the inertia of the heat flux is described by the generalized heat-conduction law
[2] and by the energy conservation law [3]:

1 1 1 1
Ty +G = AgTi s i + Ty =0. @
Here and in what follows, the subscripts after a comma mean differentiation with respect to the time t or the space
Cartesian coordinate x;, while the superscript in parentheses means the order of a derivative; the condition of summa-
tion over double superscripts is taken, with the Latin superscripts taking on values of 1 to 3.

Let us assume that a medium is in an unperturbed state at the initia instant of time t = 0. The conditions of
conjugation at the ablation boundary have the form

2. 2
Jo (1) exp (= d (X + %)) = ¢ (X, %o X3, ) Vi =LpV, T (X, % X3, ) =T, 2

where go(t) exp (—d(x% + x%)) is the Gaussian energy flux.

To obtain the solution of problem (1)—(2) we pass from the fixed orthogonal Cartesian coordinate system
X1XoX3 t0 @ moving loca coordinate system ypyon related to a certain surface (yy, yo, t) which moves with a velocity
¢ and whose coordinates have the form x; = x(y1, Yo, t) a any instant of time. In the surface coordinate system yy»,
we will distinguish the (contravariant) superscripts and (covariant) subscripts for the vector components. On passage,
we replace the derivatives with respect to the coordinates x; in the differential equations (1) by the derivatives with
respect to the local curvilinear coordinates and the norma n. The partial functional derivatives with respect to the co-
ordinate x; are related to the derivatives with respect to the surface coordinates yy by the relations [4]

f,i(l) = f}ll)vi + ganygl)&,B , f}l) =- cf,(r}) +f/3t . ©)

Here and in what follows the subscripts after a comma mean differentiation with respect to the norma n or the sur-
face coordinate yq; the Greek superscripts take on values of 1 and 2. The first relation of (3) represents the expansion
of the vector components of the gradient fiftl) of the function f in three local directions yy, y», and n; this relation is
caled the geometric condition of consistency of first order [4]. The second relation of (3) is caled the kinematic con-
dition of consistency and it relates the time derivative f}l) of the function f(x;, t) to the time derivative &f/dt of the
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function f(yg, t). If a certain function f is assigned only on the surface 3(t) as a function of y, and t, then the o de-
rivative of this quantity coincides with the partia time derivative. These functions are components of the vectors v;
and x o and of other characteristics of the inner geometry of the surface Z(t). Hereafter, we will interpret the discon-
tinuity surface as a moving layer of thickness 2| for | — 0, in which the quantity f changes from f* to f~ monotoni-
caly and continuously.

Substituting the kinematic and geometric conditions of consistency (3) into system (1), then integrating the
system from —I to | and passing to the limit for | — O, we obtain the system of four homogeneous equations

~Toc[a] + Ao[Tv; =0, [g]v;-cc[T]=0. 4

Here, the square brackets denote the discontinuity of the quantity on the surface, eg., [f] = (f " —f ), where the plus
and minus signs refer to the value of the function before and after the discontinuity-wave front respectively.

Equating the determinant in system (4) to zero, we obtain the value for the velocity of the heat wave ¢; =
VWﬁocp). It can be shown that the heat wave represents a vortex-free wave [4], i.e., vortices do not appear after the
passage of the heat front.

We introduce the notation wy = [gi]viCs. Then we substitute ¢ = ¢ into system (4); as a result, the following
relations are satisfied at the heat-wave front:

[a] = @i, [T]=wy/(c,cy) - ©)
We write Eq. (1) in discontinuities:
Told 1+ A [T =~ [al . [a) +c,[T¢1 =0. ©)

Having substituted the kinematic and geometric consistency conditions for the discontinuities of first order [4]
1t = 1f Phvi + o [f axi g, [FY] = ~cf V] + 3[f]/8t into Eq. (6), we obtain

— 1o [0 + 2 [T v, =~ 18 [a/8t - A g™ [T] g %5~ [a]
@
(a0 Vi = e [Ty = = 0 [a] ¢ X~ 6,3 [T/t

We eliminate the discontinuity [qi(,lr?]. To do this we multiply the first equation of (7) by vj, sum it over the
subscript i, and add up with the second equation multiplied by toc. As a result, we obtain

Ag- TOCpCZ) [T%)] =—T1ovid o]/t — [of] vj — tocgaB [ai] o X~ Tocpc6[1']/6t .

When ¢ = ¢, the left-hand side of the equation becomes zero. After the rearrangements and simplifications with ac-
count for Eq. (5), we have the equation of attenuation of the discontinuity intensity at the heat-wave front:

Swy/ 8t + wy/ (210) = ¢1Q0, . ()
Here
2.2

(Qp and Kq are the mean and Gaussian curvatures of the discontinuity surface at the initia instant of time [5]). In the
general case, the solution of the differential equation (8) has the form

W) = Wy (Y1, Vo) &XP (— /(210))/ V1 = 2Qc t + KoCot? ; ©
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from Eq. (9) it follows that a change in the heat-wave intensity is determined by two factors: the geometric divergence
which is determined by the multiplier (1 - 2Qqc;t + Koc%tz)_l/2 and the heat-flux inertia determined by the term exp
(-t/(21g)). If the wave surfaces form a set of paralel planes, then the mean and Gaussian curvatures are equa to zero
at any instant of time. It is evident from Eq. (9) that the heat-wave intensity attenuates exponentialy.

Let us differentiate system (1) m times with respect to the norma n and write it in discontinuities:

(m+1) m+1) (m) (M), _
To [qi,tn...n] +Ag [T(ln nl ==l ol ||n n] +Cp [Ttn..n] =0. (10)

The kinematic and geometric consistency conditions of (m+ 1)th order [6] for a constant velocity of the dis-
continuity wave have the form

i =1 v+ 0P I g+ LT M %
R R A PR T TRV -
Here
L = Z R LS P
R
(CIR* s the number of combinations and Bg? =[] bay, BNgGNBN ).
Subsgtitution of Eq. (11) into Eq. (10) yieldsN ~
~ 1o [l + Ao [T w1 Vi == T3 [ /3 = Ag™ [T g =Aokf™ " [T %5 = [afn.l
Lol Vi = e [Tl == 0™ o 1o % 5= Lo o] % g~ 6,8 [T /3t 9

We diminate the discontinuity [q,(ﬁ_ln)]. To do this we multiply the first equation of (12) by v;, sum it over

the subscript i, and add up with the second equation multiplied by Tgc. As a result, we obtain

Mo~ TG [T = = Tqv;B e . /Bt~ o Vi -

~10e0™ [ % g~ Toekh Y Tl % p — TeueB [T /8t (13)

When ¢ = cy, the recurrence equation (3) describes the behavior of the discontinuities for the temperature and the heat
flux of order m on the discontinuity surface.

For the boundary-value problem (1), the heat wave represents a plane which propagates along the Oxz axis
with a velocity cq1. As the curvilinear coordinates on the moving surface we select y1 = X1 and y» = Xo. The Cartesian
coordinate of the moving surface is x3 = cqt. The components of the unit vector of the normal to the plane take on

values of v1 = v, = 0 and v3 = 1. Then the components of the fundamental covariant metric tensor of the surface are
as follows: gop = XjaXi g = Opp ad bgg = X opvi = O [6]. The contravariant components of the metric tensor go‘B are

obtained from the relation gueg®® = &8 and they take on values of g™ = &%
Substituting ¢ = ¢q for m = 1, we obtain the equation of attenuation for the intensity of the discontinuity of
first order:

B/t + wh/ (21) =~ wy/ (BTacy) - 00y /2 - (14)
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Here wif = [offIviCs.
The solution of (14) has the form
1 2
ot = [0n0n (1, Y2) = (00 (9, Y2)/ (BTG61) + oy g (41, ¥2)/2) ] exp (- V(219) (15
From Eq. (12) for m = 0 we obtain

6] = Vi + 0y X g o [Tl = (Wt — @/ (2T (GCy) - (16)

When m = 2 and ¢ = ¢y, from Eq. (13), after the rearrangements and simplifications, we derive the equation
of atenuation for the intensity of the discontinuity of second order:

B q/3t + 3/ (210) = - X3/ (BT5)) ~ 16 /2 (17)

where &g = [of3viTs
The solution of Eg. (17) has the form

2
‘*)511) = [Wnnog (Y1, Y2) +Aqt + BltZ] exp (-t/(2tp)) . (18)
Here

2
A1 =~ Wnop (Y1, Y2)/ (8T0C1) ~ C1nog a0 V1 ¥Y2)/ 2
B 42 2 2
By = 0p (Y2, Y2/ (128T0CY) + Wy (Y1, ¥2)/ (16T0) + 101 e (1, ¥2)/8

When m = 1, from Eqg. (12) we obtain

2 2 1
[Qi(,n) = wgwl)vi + (’q(ql),a Xi o

2 2 1 2
[T = (7 - i/ (2T4ey) + 0/ (BTD) + 0y o/ 2/ (G0 - (19)
Solutions for the temperature and the heat flux are represented in the form of the ray series [7]

2
f=" =M -h e - o+ D 8 -1 Do -

k 20
oo N )
PN gxax Lo T
The velocity of the ablation front is found as
k
V=5 gyt . (21)

k=0

Integrating Eqg. (21) and assuming that the transverse component of the ablation-front gradient is small com-
pared to the longitudinal component, we obtain

%)

X3= 3 (1Y) Y (k+ 1) . (22)
k=0
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In the case of propagation of plane discontinuity fronts, the ray series (20) has the form [8]

@ k
-yt
B2 SR %[f,ﬂ?_n]mz. (23)
k=0

In order to construct the solution, it is necessary to find the quantities wgq, Wno1, and wnnor and ag, a1, and
ay. They are determined from conjugation conditions (2). To do this we subgtitute the ray relations (23) for the tem-
perature and the heat flux with account for Eq. (22) into conjugation conditions (2), setting t = 0 and x3 = 0. As the
result, we obtain

2 2
o (0) exp (= d (y1 +¥o)) + g =Lpag, — wyy/(Gcy) =T . (24)
By solution of this system of equations we find the zero expansion coefficients:

oy =~ TLCC1, 8= (0o (O) &xp (—d (¥ +¥3)) — T ciey)/(Lp). (29)

The quantity wg; determines the intensity of the discontinuity of the heat wave, while ag determines the ve-
locity of the ablation front at the initia instant of time t = 0.

It should be noted that in a Neumann classica solution of the melting problem for a half-space with a melt-
ing temperature assigned on the surface, the velocity of the boundary between the liquid and solid phases at the initial
instant of time takes on an infinite value [3].

From the first relation of Eg. (5) and from Eq. (23) it follows that the heat flux at the initial instant of time
has a finite value. The second relation of Eq. (25) shows that the ablation of materia begins when the condition go(0)
exp (—d(y%+y%)) 2Ty cpey is satisfied. From Eg. (21) and from the second relation of Eq. (24) it is evident that the
ablation-front velocity at the initial instant of time has a finite value. This fact is explained by the assumption made
on the existence of the heat-flux inertia

The wave surface Z(yq, Yo, t) off the boundary x3 = 0 is a plane for which the discontinuity intensity wy in-
side the circle y% +y§s In (9o(0)/(TLcocy))/d takes on a value of wy = —T cpcy exp (—t/(21¢)), which is independent
of the coordinates y; and y», whereas outside the circle the discontinuity intensity takes on a value of w; = —gg(0) exp
(-d(y2 +y3) exp (-t/(210)). The last quantity has been obtained from Eq. (24) for ag = O.

To find the coefficients wng and a; we differentiate Eq. (2) with respect to the time t, setting t = 0 and x3
= 0. As a result, we obtain a system of equations whose solution is represented by the first coefficients of the expan-
sion

Who1 = 8Woy/ (210 (Bg — 1))

2, = (o (0) exp (— d (¥} +Y5)) — 001/ (2T0) + (3~ €1) Wingr)/(LP) - (26)

The coefficient wno; is the value of w() = [q{R]viCs at the initial instant of time (t = 0). From Eq. (21) it follows
that a; determines the acceleration of the points of the ablation front at the initial instant of time, which depends on
the coordinates selected on the moving surface.

The coefficients wnng1 and ap are determined in a similar manner. We differentiate Eq. (2) with respect to the
time t twice and set t = 0 and x3 = 0. Solution of the system of equations yields

Whnoy =/ (8p — C1)2 Emm/ (4Té) +ayWno; ~ & W/ (215Cy) +
+2 (89~ ©1) (= g/ (210) + 02/ (BTEeD) 1+ o/ (2T0y) — W/ (BTG
8, = (G (0) &xp (~ d (Y2 +3) + G/ (4T0) + 84001 +
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Fig. 1. Position of the ablation fronts at the instants of time t = 0.5, 1.0, and
15.
Fig. 2. Temperature for Xx; = 0 and 50 and for X, = O. 27

+2 (a9~ &) (~ Wyoy/ (20) — W/ (8ToLy)) + (B — €1)° Whnop)/(2LP)

The coefficients wpng1 and a, represent the initial values of oq(qu = [qi(,lr?n]vi[lz and half the change in the ac-
celeration of the ablation-front points with time respectively.

By way of illustration of the solutions obtained we select, as a material, duminum with the following ther-
mophysical properties: p = 2700 kg/ms, Ao = 209.3 W/(mldeg), Tg = 1071 SeC, Cp = 2.376 kJ/(mSeg), T, = 658°C,
and L = 358 kJkg.

In dimensionless form, the differential equations and the conjugation conditions will be written as follows:
AP q=-T0, g TP,

) |

Go (0 &xp (- d (G +3) — G (X, X, X, D V; =€V, -

T, (X3, X X, 1) = 1.

From the system of equations (28) given above it is evident that solutions can aways be expressed by the

coordinates X1, X, X3, the time t, and the parameter & and that they also depend on the value of the heat flux go(t)
2, 2
exp (—d(xg +x2 ).

Since the coordinates on the surface Z(yy, Yo, t) are equal to y; = X1 and y» = Xo, formula (22) describes the
ablation surface at fixed values of time t. The coefficients ag, a;, and a, are determined from the second relations of
Egs. (25)—(27), which depend on the quantity x% +x§. It follows that the surface of ablation represents the surface of
revolution. Figure 1 depicts the position of the ablation fronts a different instants of time t = 0.5, 1.0, and 1.5 for
X2 = 0 with account for three terms of the expansion of series (22) for the values of the heat flux gg = 1.2 and d =
107 The units of distances and time are equa to 2971078 m and 10 sec respectively.

Figure 2 plots the temperatures at the instants of time t = 0.5 and 1.0 as functions of x3 for x; = 0 and 50
and for X, = 0. The value of the heat load is gg = 5 and & = 50. The unit of temperature is equal to 658°C. The
temperature is determined in the following manner. First the values of wq, Wpop, @nd wnngp from relations (25)—27)
are subgtituted into the expressions of wy, u),(qlf and u),(qu determined by Egs. (9), (15), and (18). Knowledge of these
guantities makes it possible to find the discontinuities for the temperature [T] and their derivatives with respect to the
normal [T},l)] and [T}%)] at the wave-surface front from the second relations of Egs. (5), (16), and (19). The fina so-
lution for the temperature is written in the form of the ray series (23). The graphs of the temperature, intersecting the
plane OxyX3, form curvilinear trapezoids whose bases are the leading front propagating with a dimensionless heat-wave
velocity ¢; = 0 and the temperature at the ablation front. The value of the jump at the leading front of the temperature
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is determined by the second relation of Eqg. (5). As has been noted earlier, this front attenuates exponentially with
time. It is seen from the first expression of (25) that at a fixed time t the value of the temperature jump does not
change during the propagation of the plane fronts. If we use the Fourier classical model of propagation of heet, this
front will be absent. The ablation fronts are depicted in the plane Oxixz at the instants of time t = 0.5 and 1.0. The
values of the temperatures at the ablation front for x; = 0 at the instants of time t = 0.5 and 1.0 are equal to 0.995
and 0.986 respectively, while for x; = 50 they are equal to 0.996 and 0.991 respectively. The difference of the above
values from the dimensionless temperature of ablation T = 1 amounts to less than 2%.

NOTATION

a(y1 and y,), coefficients of the series for the ablation-front velocity; bgg, coefficients of the second funda-
mental quadratic form of the surface, m_l; ¢ and ¢y, velocities of the discontinuity-wave front and of the heat wave,
Mm/sec; Cp, specific heat at constant pressure, J/(m3eg); d and d = dAgty/cp, congtants; go(t), time function; go(0) and
do(0), first and second time derivatives of the function go(t) at t = O; gaB, metric surface tensor; n, normal to the sur-
face; h, distance aong the norma behind the front of a strong-discontinuity surface, m; L, latent heat of melting, JKg;
2|, thickness of the layer, m; g, components of the heat-flux vector, W/m% G = ¢ Vig/(RoGp)/Ti, dimensionless com-
ponents of the heat-flux vector; t, time, sec; t = t/1q, dimensionless time; T, temperature, °C; T = T/T,, dimensionless
temperature; T, melting temperature, °C; V and V, velocity and dimensionless velocity of the ablation front, m/sec;
X;, Cartesian coordinates, m; x; = Vcy/(Agto) %, dimensionless Cartesian coordinates; y; and y», curvilinear coordinates
on the discontinuity surface, m; 55 and 60'8, Kronecker symbols; 6/3t, & derivative with respect to time [4]; Kg,
Gaussian curvature of the discontinuity surface at t = 0, m_z; Ao, thermal-conductivity coefficient, W/(mideg); v;, com-
ponents of the unit vector of the normal to the surface; & = Lp/(cpTy), reduced latent heat; p, density, kg/m3; 2(1),
discontinuity surface; 1q, relaxation time of the heat flux, sec; Q and Qg, mean curvatures of the wave surface at any
instant of time and at t = 0 [4], m_l; Wy, intensity of the discontinuity at the heat-wave front, W/mz; (q(qlf =
[qi(,lr?]viDz, W/m3; Q;(qu = [qﬁdvﬂ; w/m? Subscripts: comma, differentiation; small Latin letters, Cartesian orthogonal
coordinate system; n, normal; small Greek letters, curvilinear surface coordinate system.
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